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Torsion Dilaton and Novel Minimal Coupling Principle
P. P. Fiziev ∗
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and
Bogoliubov Laboratory of Theoretical Physics, Joint Institute for Nuclear Research, 141980 Dubna, Moscow Region, Russia
We propose a novel self consistent minimal coupling prin-
ciple in presence of torsion dilaton field. This principle yields
a new local dilatation symmetry and predicts the interactions
of torsion dilaton with the real matter and with metric. The
soft violation of this symmetry yields a physical dilaton and a
simple relation between Cartan scalar curvature and cosmo-
logical constant in this new model of gravity with propagating
torsion. Its relation with scalar-tensor theories of gravity and
a possible use of torsion dilaton in the inflation scenario is
discussed.
PACS number(s): 04.50.+h, 04.40.Nr, 04.62.+v
I. INTRODUCTION.
Recently it was recognized [1]- [4] a necessity of a new
minimal coupling principle (MCP) in affine-metric four-
dimensional space-times M4{gαβ(x),Γαβγ(x)} with
curvature Rαβµ
ν := 2
(
∂[αΓβ]µ
ν + Γ[α|σ|
νΓβ]µ
σ
) 6=
0, torsion Sαβ
γ := Γ[αβ]
γ 6= 0 and nonmetricity
Nαβγ := ∇αgβγ ≡ 0, equipped with pseudo-Riemannian
(+,−,−,−) metric: gαβ = gβα, g = det ||gαβ || 6= 0,
gαγgγβ = δ
α
β , interval ds
2 = gαβdx
αdxβ , and with affine-
metric connection with coefficients Γαβ
γ =
{
γ
αβ
}
+Sαβ
γ+
Sγαβ + S
γ
βα,
{
γ
αβ
}
= 1
2
gγµ(∂αgµβ + ∂βgµα − ∂µgαβ)
being the Christoffel symbols [5]. The symmetric part
Γ{αβ}
γ =
{
γ
αβ
}
+ Sγαβ + S
γ
βα depends on the torsion
because of the metricity condition.
A new MCP is needed to overcome the so called G-
A problem: in presence of torsion the standard MCP
yields different results when applied in action principle,
or directly in the equations of motion for particles and
fields (see for example [1] - [4] and the references therein).
This turns us back to the old question what are the right
equations of motion for a free test particles and fields in
presence of torsion [6]. For example, a free test particle
may move according to Newton’s law of inertia (MCP ap-
plied directly in equations of motion) with zero absolute
acceleration along autoparallel (A) lines
maγ = mc2
(
duγ
ds
+ Γγαβu
αuβ
)
= mc2
Duγ
ds
= 0, (1)
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where D
ds
stands for the absolute derivative with re-
spect to the affine connection and uα = dx
α
ds
. In con-
trast the standard variational principle for the action
Am = −mc
∫
ds yields motion along a geodesic (G) lines
mc2
(
duγ
ds
+
{
γ
αβ
}
uαuβ
)
= mc2 D
ds
uγ−Fγ = maγ−Fγ =
0. Here a specific ”torsion force” Fγ = 2mc2Sγαβuαuβ
must be introduced to compensate the natural torsion
dependence of dynamics and to allow the free test par-
ticle to follow the extreme of this classical action. An
analogous G-A problem we find too in field dynamics in
spaces with torsion even for scalar fields.
It will be very hard to drop out of the physical theory
one of the two fundamental principles: Newton’s princi-
ple of inertia, or the action principle based on quantum
mechanics [7] which conflict in presence of torsion. Usu-
ally one prefers to preserve only the action principle (see
the review articles [8] and the huge amount of references
therein). But the theories of this type are not successful
in description of the physical reality (for recent results
see [9]). Therefore it seems that the best way to over-
come the G-A problem is to modify the standard MCP
and to look for a proper new one.
At first this idea was realized by A. Saa [1] in pure ge-
ometrical way for all type of fields in some special spaces
with gradient torsion vector Sα :=
2
3Sαµ
µ, Sα = ∂αΘ ≡
Θ,α. We call the field Θ a torsion dilaton. Saa sug-
gested to replace the standard volume element d4x
√
|g|
with a new one: d4x
√
|g|e−3Θ. Unfortunately this sim-
ple approach which yields A-type equations of motion
for fields turns to be unsuccessful for particles and fluids
[2] and contradicts to basic experimental facts of gravi-
tational physics [9]. We can preserve the good features
of this model in suitable way and look for some more
sophisticated self-consistent minimal coupling principle
(SCMCP). We may hope that SCMCP based on right
physical reasons will bring us after all to a consistent and
beautiful theory compatible with experimental facts.
A solution of the G-A problem for test particles, anal-
ogous to Saa’s model, was recently proposed in [3]. It
turns out that the simple action
Am = −mc
∫
e−Θds (2)
yields precisely the A-type equations (1) in the special
case when the torsion has the form Sαβ
γ = Aαβ
γ+Θ,[αδ
γ
β]
similar to the one used in string theory [10], Aαβγ :=
S[αβγ] being the complete anti-symmetric part of the
torsion. In general Sαβ
γ = Σαβ
γ + Aαβ
γ + S[αδ
γ
β],
1
Σαµ
µ ≡ 0, Σ[αβγ] ≡ 0. In this article we consider only
the case when Σαβ
γ ≡ 0 and Sα ≡ Θ,α. For brevity we
call such torsion ”a torsion of special basic form”.
The corresponding action for relativistic fluid is [4]:
Aµ = −
∫
d4x
√
|g| e−Θ (µc2 + µΠ) (3)
and yields the autoparallel equations of motion
(ε+ p)uβ∇βuα =
(
δβα − uαuβ
)∇βp. (4)
Here Π is the fluid’s elastic energy, ε is the fluid’s energy
density, p is the pressure, and µ = µ0
√
gµν x˙µx˙ν
J(x)
√
|g|
is the
fluid’s mass density in Lagrange variables (see for details
[2] and the references there in).
To have an A-type equation of motion for scalar field
ϕ we need to include a factor e−3Θ in front of the cor-
responding kinetic term 1
2
gµν∂µϕ∂νϕ in the action. To
have a consistent with the particle action (2) semiclas-
sical limit of the equation for scalar field an additional
factor e−2Θ in front of the mass term 1
2
m2ϕ2 is needed
[2], [4]. Hence, the action
Aϕ =
∫
d4x
√
|g| e−3Θ 1
2
(
gµν∂µϕ∂νϕ−m2ϕe−2Θϕ2
)
(5)
will yield the A-type equation of motion:
✷ϕ+m2ϕe
−2Θϕ = 0 (6)
with semiclassical limit (i.e. ϕ = A exp( i
h¯
S), mϕ =
mc
h¯
and h¯ → 0) precisely the Hamilton-Jacobi equation for
particle with action (2): gαβ ∂αS ∂βS = m
2e−2Θ.
II. TORSION PRODUCING DILATATIONS AND
TORSION DILATON
In the spaces M4{gαβ(x),Γαβγ(x)} the action of the
Weyl’s local dilatations:
gαβ
σ
−→ g′αβ = e2σgαβ , xα
σ
−→ x′α ≡ xα = inv(σ) (7)
with arbitrary function σ(x) may be extended on the
affine connection Γαβ
γ(x) (which owns independent de-
grees of freedom) in different ways [11], [12]. These non-
coordinate transformations leave the local differentiable
structure of the manifoldM(4) unchanged and determine
some mappings
M4{gαβ(x),Γαβγ(x)}
σ
−→ M4{g′αβ(x),Γ′αβγ(x)} (8)
changing the additional geometrical structures gαβ and
Γαβ
γ . We have some infinite dimensional group G∞σ
which preserves the angles but this property is not
enough to define it. There exist several similar groups
G∞σ which act on Γαβ
γ in different ways. Suitable for
our purposes is the following extension of the action of
the group G∞σ on the affine connection [12]:
Γαβ
γ
σ
−→ Γ′αβγ = Γαβγ + σ,αδγβ ,
Sαβ
γ
σ
−→ S′αβγ = Sαβγ + σ,[αδγβ] (9)
which yields the important relations1
Rαβµ
ν
σ
−→ R′αβµν ≡ Rαβµν = invTPD(σ),
Nαβ
γ
σ
−→ N ′αβγ ≡ Nαβγ = invTPD (σ) ≡ 0. (10)
These show that such dilatations preserve the cur-
vature and the (zero) nonmetricity of the space
M4{gαβ(x),Γαβγ(x)}, but produce an additional torsion
σ,[αδ
γ
β]. Hence the name torsion producing dilatations
(TPD) and the notation G∞σ TPD . It’s easy to see that
actually TPD change only the torsion vector:
Σαβ
γ = inv
TPD
(σ), Aαβ
γ = inv
TPD
(σ),
Sα
σ
−→ S′α = Sα + σ,α. (11)
According to formulae (7), (9) and (1) the TPD trans-
formations change simultaneously the physical units (as
usual [11]), the parallel displacement and the free motion
of the test particles according to Newton law of inertia
in the affine-metric space-time.
We need to make a few more steps in comparison with
the articles [12]. The first is to extract the torsion dilaton
Θ from torsion vector Sα in a G
∞
σ TPD
invariant way using
the representation:
Sα =
D
S α +Θ,α, (12)
Θ
D
,α being a solution of the gauge-fixing condition 0 =
gµν
D
S µ
D
S ν = g
µν(Sµ − Θ
D
,µ)(Sν − Θ
D
,ν). This partial dif-
ferential equation is a kind of Hamilton - Jacobi equation
for a ”massless charged particle” in an ”electromagnetic
field” with vector-potential Sα and under curtain bound-
ary conditions (for example Θ
D
(t0, ~x) = 0) has an unique
solution, which fixes the vector
D
S α unambiguously and
leads to the following transformation rules:
D
S α = invTPD (σ), Θ
σ
−→ Θ′ = Θ+ σ. (13)
Thus we see after all that the TPD really produce only
torsion dilaton field Θ. Now we can introduce a new
dilaton connection with coefficients
Γ
D
αβ
γ := Γαβ
γ −Θ,αδγβ = invTPD (σ). (14)
1The first of the relations (10) was pointed out as a conse-
quence of the first of the relations (9) already in [13].
2
It’s remarkable that it has the same curvature
D
Rαβµ
ν =
Rαβµ
ν and the same parts of the torsion Σ
D
αβ
γ = Σαβ
γ
and
D
Aαβ
γ = Aαβ
γ as the initial affine connection Γαβ
γ
and differs from it only with respect to the torsion vector
D
S α = Sα − Θ
D
,α. The torsion dilaton plays the role of
a non-standard compensating field with respect to the
local G∞σ TPD mappings, as far as Γ
D
αβ
γ =
{
γ
αβ
}−δγβΘ,α−
δγαΘ,β + gαβΘ
,γ +
D
S αβ
γ +
D
S γαβ +
D
S γβα.
Let Tβ1,...βn
γ1,...γm be a (m,n) tensor under the ac-
tion of the infinite-dimensional group G∞x of coordinate
transformations with a TPD-dimension d
Tβ1,...βn
γ1,...γm
,
i.e. it transforms under G∞σ TPD mappings accord-
ing to the rule Tβ1,...βn
γ1,...γm
σ
−→ T ′β1,...βnγ1,...γm =
e
σd
Tβ1,...βn
γ1,...γm Tβ1,...βn
γ1,...γm . We define the action of
a new dilaton derivative ∇
D
α according to the formula:
∇
D
αTβ1,...βn
γ1,...γm := ∂αTβ1,...βn
γ1,...γm +
Γ
D
αµ
γ1Tβ1,...βn
µ,...γm + . . .− Γ
D
αβ1
µTµ,...βn
µ,...γm
− . . .− d
Tβ1,...βn
γ1,...γm
Θ,αTβ1,...βn
γ1,...γm =
∇αTβ1,...βnγ1,...γm −(
m− n+ d
Tβ1,...βn
γ1,...γm
)
Θ,αTβ1,...βn
γ1,...γm . (15)
This definition together with formulae (13), (14) and
the standard transformation rule of any tensor under
action of the group G∞x show that the new deriva-
tive ∇
D
α is precisely the covariant derivative with re-
spect to the product G∞x ⊗ G∞σ TPD , i.e. the derivative
∇
D
αTβ1,...βn
γ1,...γm is a (m,n+1) G∞x tensor with the TPD-
dimension d
∇
D
αTβ1,...βn
γ1,...γm
= d
Tβ1,...βn
γ1,...γm
. We call
this new derivative a co2variant derivative adopting the
terminology by Eddington and Dirac [11].
As a basic consequences of the definition (15) we
derive the following relations: 1) ∇
D
αTβ1,...βn
γ1,...γm =
∇αTβ1,...βnγ1,...γm if dTβ1,...βnγ1,...γm = n − m. In par-
ticular
D
Nαβγ := ∇
D
αgβγ = ∇αgβγ ≡ 0 and this permit
us to commute the ∇
D
differentiation with the lowering
and raising of the indexes by metric gβγ ; 2) ∇
D
αΘ ≡ 0.
Indeed, using the basic properties of the linear connec-
tions [5] and the relation deΘ = 1 we obtain e
Θ∇
D
αΘ =
∇
D
α
(
eΘ
)
= ∂α
(
eΘ
)−Θ,αeΘ ≡ 0.
III. SELF CONSISTENT MINIMAL COUPLING
PRINCIPLE IN PRESENCE OF TORSION
DILATON
A. SCMCP for matter and a Novel TPD Symmetry
For uβ = dx
β
ds
the values duβ = −1,m = 1, n = 0 imply
∇
D
αu
β ≡ ∇αuβ and the A-type equations (1) and (4) may
be rewritten in a transparent co2variant way:
mc2
D
Duγ
ds
= 0 ,
(ε+ p)uβ∇
D
βuα =
(
δβα − uαuβ
)∇D βp . (16)
These are A-type equations with respect to the dilaton
connection ∇
D
. They fulfill the Newton’s law of inertia
and follow from action principle for the actions (2) and
(3). Hence, we have reached a SCMCP for matter.
The geometrical invariance of the solutions of the equa-
tions (16) under action of the group G∞x ⊗G∞σ TPD is an
obvious consequence of the corresponding invariance of
the actions (2) and (3) (where dm = 0 and dµ = −3) 2.
Moreover, it leads us to the important conclusion that
our SCMCP yields a novel symmetry: a TPD invariance
of the matter dynamics in spaces with torsion of the spe-
cial basic form. Taking into account Dirac’s note [11]: ”It
appears as one of the fundamental principles of Nature
that the equations expressing basic laws should be invari-
ant under widest possible group of transformations” we
will extend this new TPD symmetry to all matter fields,
too.
B. SCMCP and TPD Invariant Action for Gauge
Fields
As a basic example for gauge field Aα with gauge
group G∞χ : Aα
χ
−→ A′α = Aα+χ,α we consider the elec-
tromagnetic field. The corresponding generalization for
non-abelian Yang-Mills fields is straightforward. It’s well
known that Maxwell’s equations
∂[µFνλ] = 0, ∂µD
µν = jν (17)
are based only on the differentiable structure of the physi-
cal space-timeM4{gαβ(x),Γαβγ(x)} and do not depend
on its additional geometric structures gαβ and Γαβ
γ .
A very clear explanation of this fundamental statement
both from physical and from mathematical point of view
2Our construction corrects the wrong statement about non-
invariance of the particle action under G∞σ mappings in the
article [3] where the TPD invariance of the A-lines was rec-
ognized for first time, but a right understanding of the role of
torsion dilaton Θ(x) and of TPD parameters σ(x) in it was
not reached.
3
may be found in the recent article [14] together with com-
plete list of references on this subject. This fact becomes
transparent when one writes down the equations (17) us-
ing the Cartan’s calculus of differential forms and ex-
terior derivatives. Hence, there is no need to generalize
the equations (17) in spacesM4{gαβ(x),Γαβγ(x)} using
some covariant derivatives (which in presence of torsion
would break the gauge invariance). Then for gauge fields
we have the simplest possible MCP: their equation of
motion inM4{gαβ(x),Γαβγ(x)} don’t change at all be-
ing stable against any changes of its geometry [14]. For
them is proper the geometry of the gauge space and the
gauge fields play the role of coefficients of another lin-
ear connection. If the base space M4{gαβ(x),Γαβγ(x)}
of the gauge field theory has an affine-metric geometry
and the physics is covariant with respect to the group
G∞x ⊗ G∞σ TPD , we are to introduce a co3variant con-
nection and derivative with respect of the whole group
G∞x ⊗G∞σ TPD ⊗G∞χ .
But in Maxwell’s theory exists an important relation
which depends on the space-time geometry. This is the
constitutive lawDµν = 12χ
µνρλFρλ with some coefficients
χµνρλ. If we chose the electromagnetic units so, that the
electromagnetic factor is ε0
µ0
= 1, in vacuum we have
χµνρλ = 2
√
|g|gρ[µgν]λ [14] and the Maxwell’s equations
(17) follow from action principle with familiar action
AA = − 14
∫
d4xDµνFµν =
− 1
4
∫
d4x
√
|g|gµρgνλFµνFρλ, (18)
Fµν = Aµ,ν−Aν,µ being the electromagnetic tensor which
plays the role of curvature in gauge space geometry.
The standard interaction of the gauge field Aα with
classical particle with charge e is described by the action-
term:
AeA = e
∫
Aµdx
µ. (19)
This term together with the free particle action (2)
give a canonical momenta pµ := ∂x˙µLm,eA = p0µ +
eAµ, p0µ := − mc√
gαβ x˙αx˙β
e−Θ being the momenta of the
free particle, x˙µ := dx
µ
dt
. Obviously dx˙µ = 0 imply
dp0µ = 0 and to have a self-consistent theory we must im-
pose the condition d(eAµ) = 0. The fundamental charges
are discrete quantities and cannot change continuously,
hence de = 0 which yields the conditions dAµ = 0 and
dFµν = 0 and proves the TPD invariance of the actions
(18) and (19). As a result we have SCMCP and TPD
invariant dynamics for gauge fields. Moreover, the de-
pendence of the gauge field action (18) on the geometry
of the space-time is of the same kind as the dependence
of the matter actions (2) and (3), because in the action
(18) enter only exterior derivatives.
Some new generalizations of the constitute law of gauge
fields theory compatible with our SCMCP and with TPD
invariance are possible in presence of torsion. For exam-
ple we can add to the action G∞x ⊗ G∞σ TPD ⊗ G∞χ in-
variant terms of the form
√
|g|e2ΘAµνκAκρλFµνFρλ, or√
|g|e2ΘAµνκAκρλFµρFνλ. We may extract from torsion
pseudovector ∗Aα := εαµνλAµνλ a pseudoscalar ”axion”
field a(x) in the same G∞σ TPD invariant way which gives
the torsion dilaton Θ. Then we can construct a mod-
ified constitutive law as described in [14]. There ex-
its too a G∞x ⊗ G∞σ TPD ⊗ G∞χ invariant terms of other
simple form, for example
√
|g|FµνAµνκ DS κ. The phys-
ical meaning of such interactions of gauge fields with
space-time metric-affine geometry is unclear and we give
them only to illustrate the fact that our SCMCP and the
G∞x ⊗G∞σ TPD⊗G∞χ invariance are not enough to fix these
interactions.
C. TPD Invariant Action and SCMCP for Massive
Scalar Field
The straightforward generalization of the action (5):
ADϕ =
∫
d4x
√
|g|e−3Θ 1
2
(
gµν∇
D
µϕ∇
D
νϕ−m2ϕe−2Θϕ2
)
is
TPD invariant if dϕ =
1
2 .
3 We may introduce a new
scalar field φ = e−
3
2
Θϕ with normal dimension dφ = −1
and rewrite this action in a form:
Aφ =
∫
d4x
√
|g| 1
2
(
gµν∇
D
µφ∇
D
νφ−m2φe−2Θφ2
)
. (20)
The corresponding TPD co2variant equation reads:
✷
D
φ +m2φe
−2Θφ = 0. (21)
It’s an A-type equation, semiclassically consistent with
the action (2). Hence, we have a SCMCP for the field φ.
The requirement of TPD invariance introduces a non-
minimal interaction of the field φ with torsion dila-
ton since gµν∇
D
µφ∇
D
νφ = g
µν(φ,µ + Θ,µφ)(φ,ν + Θ,νφ),
but there is no non-minimal coupling with metric gµν .
This property will be of crucial importance when one
will try to construct a TPD invariant theory with
scalar fields φ preserving the general relativity (GR)
as a right theory of the metric part of space-time
geometry. In contrast, to reach a conformal invari-
ant equation for scalar field in Riemannian spaces one
must introduce a non-minimal coupling with metric
[15]. In presence of torsion dilaton we have an addi-
tional TPD invariant term: 16
√
|g|RΘφ2 = invTPD (σ)
3The TPD invariance of this action implies dmϕ = 0. In
physical units mφ =
mc
h¯
. Obviously (7) gives dc = 0. Then
dm = 0 leads to dh¯ = 0 which is in agreement with the known
experimental data and will be used further.
4
with RΘ =
{}
R + 6
(
{}
✷Θ− gµνΘ,µΘ,ν
)
being the Cartan
scalar curvature when
D
S αβ
γ ≡ 0,
{}
✷ = gαβ
{}
∇α
{}
∇β=
1√
|g|
∂µ
(√
|g|gµν∂ν
)
= ✷ + 3Sµ∇µ being the Laplace-
Beltrami operator,
{}
R being the corresponding Riemann
curvature. The Penrose-Chernicov-Tagirov action with
this term added with arbitrary constant coefficient ρ
gives the most general form of a quadratic in the field
φ TPD invariant action:
Aφ;ρ =
∫
d4x
√
|g| 1
2
(
gµνφ,µφ,ν +
1
6
({}
R + ρRΘ
)
φ2 −m2φe−2Θφ2
)
. (22)
In it 16
({}
R + ρRΘ
)
= 16 (1 + ρ)
{}
R + ρ
({}
✷Θ − gµνΘ,µΘ,ν
)
and the unique choice ρ = −1 yields the only TPD in-
variant action Aφ;−1 =
∫
d4x
√
|g| 1
2
(
gµνφ,µφ,ν −
({}
✷Θ−
gµνΘ,µΘ,ν +m
2
φe
−2Θ
)
φ2
)
with minimal coupling of the
scalar field φ with metric gαβ . It coincides with the
action (20) up to divergence term and gives immedi-
ately the following transparent form of the equation (21):
{}
✷φ+
({}
✷Θ− gµνΘ,µΘ,ν +m2φe−2Θ
)
φ = 0.
D. TPD Invariant Action and SCMCP for Dirac
Spinor Field
To incorporate the Dirac spinor field ψ in our consid-
eration we need coefficients of the spin-connection Γ
D
αb
c.
We introduce the usual tetrads eαa , e
a
α and extend the
action of the derivative ∇
D
α on them using the spin-
connection Γ
D
αb
c: ∇
D
αe
β
b = ∂αe
β
b + Γ
D
αµ
βeµb − Γ
D
αb
ceβc −
d
e
β
b
Θ,αe
β
b , ∇
D
αe
b
β = ∂αe
b
β −Γ
D
αβ
µebµ+Γ
D
αc
becβ−debβΘ,αe
b
β.
Tetrads are fixed by the condition gαβ = e
a
αe
b
βηab (ηab
being the Minkowski’s metric) up to (pseudo)orthogonal
rotation. We justify them imposing usual additional con-
ditions deaα = −deαa = 1 and ∇
D
αe
β
b ≡ 0, ∇
D
αe
b
β ≡ 0 which
define the spin-connection coefficients in form:
Γ
D
αb
c = Γ
D
αβ
γeβb e
c
γ − eβb ∂αecβ +Θ,αδcb . (23)
This formula and relations (13), (14) show that Γ
D
αb
c ≡
Γαb
c = inv
TPD
(σ), Γαb
c being the spin-connection coef-
ficients of the initial affine connection.
Let us consider Dirac field ψ using standard γ-
matrices. We have dγa = dγa = 0, dγα = −dγα = 1
and dψ = − 32 . Now it’s easy to check that the TPD
invariant action
Aψ =
∫
d4x
√
|g|
(
i
2
(
ψ¯γα(∇
D
αψ)− (∇
D
αψ¯)γ
αψ
)
−
mψe
−Θψ¯ψ
)
(24)
produces the A-type Dirac equation
iγα∇
D
αψ −mψe−Θψ = 0 (25)
with right semiclassical limit. Here ∇
D
αψ = ∂αψ −
1
4
Γ
D
abcσ
bcψ + 3
2
Θ,αψ is the spinor G
∞
x ⊗ G∞σ TPD
co2variant derivative (σαβ = γ[αγβ]). In presence of
gauge field Aα the corresponding G
∞
x ⊗ G∞σ TPD ⊗ G∞φ
co3variant derivative for a charged spinor field ψ will in-
clude the standard additional term −ieAαψ. Hence, we
have SCMCP for spinor field.
A similar considerations convince us that our SCMCP
may be extended on matter fields with all values of the
spin. Hence, having universal character it gives a proper
solution of the G-A problem for all fields if torsion has a
special basic form.
IV. ACTION FOR GEOMETRICAL FIELDS AND
VIOLATION OF THE TPD SYMMETRY
We can choose the action for geometrical fields in a
form, similar to the one for gauge fields (18). At present
days level of experimental accuracy the GR is known to
be a right theory of the metric part of space-time geome-
try [16]. Hence, to comply with the experimental data we
have to preserve the metric dependence of the Hilbert-
Einstein action in presence of torsion. This correspon-
dence principle gives ”a gravitation constitutive law” in
the form Dµναβ = − 2c
κ
√
|g|gα[µgν]βFG(Θ) (κ being Ein-
stein constant), as far as the torsion dilaton field Θ is the
only scalar field which enters in the total torsion tensor
Sαβ
γ being independent of the metric gαβ . Hence:
AG = − 14
∫
d4xDµναβRµναβ =
− c
2κ
∫
d4x
√
|g|FG(Θ)R (26)
with an arbitrary positive new function FG(Θ). This way
we worked out the action for the torsion dilaton Θ (which
enters in the Cartan curvature R), too without putting
by hands additional terms and dimensional coupling con-
stants. Obviously we have a specific form of SCMCP for
the very torsion dilaton field and the space-time geometry
will be complete determined by the usual properties of
the matter without any new ”charges”. The dimension-
less multiplier FG(Θ) in the action (26) shows that the
torsion dilaton Θ may be considered as a kind of Brans-
Dicke field Φ(x) = FG(Θ(x)) and when
D
S αβ
γ ≡ 0 our
model falls in the well known class of the scalar-tensor
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theories of gravity [17], but with a new specific geometric
role of the scalar field Θ.
If we are going to take into account the nonzero cos-
mological constant λc, a term
Ac = − c2κ
∫
d4x
√
|g| 2λcFc(Θ) (27)
with one more arbitrary dimensionless function Fc(Θ)
must be added to the action (26).
Obviously formulae (26) and (27) in general bring us to
a model with variable gravitational and cosmological con-
stants which are governed by torsion dilaton field. In the
space-time domains where Θ ≈ const this model resem-
bles GR with rescaled by corresponding factors F−1G (Θ)
and Fc(Θ) gravitational constant κ and cosmological con-
stant λc.
Unfortunately the SCMCP gives no instructions about
the choice of the functions FG(Θ) and Fc(Θ). We have
to justify them in some new way. The simple choice
FG(Θ) = e
−2Θ, Fc(Θ) = e
−4Θ yields a TPD invariance
of the actions (26) and (27). Then in Einstein frame
(gµν = e−2ΘgµνE – see Appendix A) we will turn back
to the usual GR due to the TPD invariance of the total
action Atot = AG +Ac +AM , AM = Am +Aµ +AA +
AeA+Aφ+Aψ+ . . . being the action of the whole matter
which is TPD invariant by construction. Hence, in Ein-
stein frame this variant of theory is consistent with all
known gravitational experimental data [16], with excep-
tion of these connected with early-Universe which have
not satisfactory description in the original GR, and in it
the torsion dilaton disappears as a physical field.
More interesting is to use a functions FG(Θ) 6= e−2Θ
and (or) Fc(Θ) 6= e−4Θ which violates in a soft way the
TPD invariance of the whole theory4. Now, going to
the Einstein frame (gµν = FG(Θ)g
µν
E – see Appendix A)
we have to replace the torsion dilaton field with a new
physical dilaton fieldD(x) defined asD = Θ+ 1
2
lnFG(Θ)
at all places where the torsion dilaton Θ was standing in
the exact TPD invariant action AM =
∫
d4xΛ
D
M . The
action of geometrical fields with cosmological constant
term which may be rewritten as
AG,c =
∫
d4xΛG,c =
∫
d4x
(
e2D Λ
D
G + e
4D V Λ
D
c
)
(28)
(Λ
D
G := − c2κ
√
|g| e−2ΘR and Λ
D
c := − cκ
√
|g| e−4Θ λc,
being the corresponding TPD invariant Lagrange densi-
ties, V := Fc/F
2
G being a dimensionless ”cosmological
potential” for the field Θ) in Einstein frame takes the
form
4It was shown that action similar to (26) yields cosmological
models without singularities in pure dilatonic gravity for a
large class of functions FG(Θ) [18] (see [19], too).
AEG,c = − c2κ
∫
d4x
√
|g
E
| (R
E
+ 2λcVE (D)) =
− c
2κ
∫
d4x
√
|g
E
|
({}
RE − 6gµνE D,µD,ν
−AEαβγAαβγE + 2λcVE (D)
)
+
∮
∂M4
... (29)
where ”. . .” denote a term essential for the TPD proper-
ties of the action AG but not for the complete set of field
equations:
{}
REαβ − 12
{}
REg
E
αβ − 6
(
D,αD,β − 12g
E
αβg
µν
E
D,µD,ν
)
−λcVE (D)g
E
αβ =
κ
c2
T
E
αβ ,
{}
✷
E
D + 1
6
λcV
′
E
(D) = κ
6c2
T
E
,
δΛ
D
M
E
δxα
fluid
= 0,
δΛ
D
M
E
δAα
= 0,
δΛ
D
M
E
δφ
= 0,
δΛ
D
M
E
δψ
= 0, . . . (30)
where the following quantities are taken in Einstein
frame: Tαβ :=
2c√
|g|
δΛ
D
M
δgαβ
– the energy-momentum tensor
of the matter, T = gαβTαβ being its trace, V
′
E
(D) =
dV
E
dD
– the derivative of the cosmological potential V
E
(D) =
V (Θ(D)) and in addition the condition Aαβγ = 0 is im-
posed.
As we see, the source of the physical dilaton field is the
trace of the energy-momentum tensor. Hence, if we wish
to allow a nonzero trace of energy-momentum tensor we
must introduce a nonzero physical dilaton D 6= 0, i.e. we
must use a function FG 6= e−2Θ.
The next important conclusion is that the physical
dilaton D for which we have nontrivial dynamical equa-
tion, absorbs the arbitrary function FG. As a result
in the model under consideration actually presents only
one arbitrary function – the cosmological potential V (D)
which has to be determined using independent physi-
cal reasons. If we suppose V (D) ≡ 1, we will have
in all Einstein-frame-relations the usual cosmological-
constant-λc-terms. But there exist other possibilities,
which may turn to be more interesting from physical
point of view. For example, one may try to use the
cosmological potential of proper type and the physical
dilaton field for description of the inflation mechanism in
the Universe (see [20] and the references therein). This
possibility is a new reason to consider space-time geome-
tries more general then Riemannian one and to enlarge
the geometrical framework of GR. On the other hand the
geometrical meaning of the scalar field Θ may help us in
fixing its potential.
In Dicke frame (gµν = e−2Θgµν
D
, D 6= 0 – see Appendix
A) the action for geometrical fields has a form
ADG,c = − c2κ
∫
d4x
√
|g
D
|(Φ
D
R
D
+ 2λcVD (ΦD )
)
, (31)
where ΦD (Θ) = e
2ΘFG(Θ) = e
2D is a Brans-Dicke field
which replaces the torsion dilaton Θ and V
D
(Φ
D
) :=
6
e4Θ(ΦD )Fc(Θ(ΦD )). Hence, in D-frame our model re-
duces to standard Brans-Dicke model with ω ≡ 0 [17],
but in addition we have an arbitrary cosmological poten-
tial V
D
(Φ
D
). If
D
S αβ
γ ≡ 0 the matter action AM and
matter equations of motion will have their GR form and
R
D
≡
{}
RD even if D 6= 0. In this case we arrive to a
scalar-tensor theory of gravity with scalar potential [17],
[20] and geometrical fields’ equations acquire the known
form:
Φ
D
(
{}
RDαβ − 12
{}
RDg
D
αβ
)
−
{}
∇αD
{}
∇βDΦD + gDαβ
{}
✷DΦ
D
−λcVD (ΦD )gDαβ = κc2TDαβ ,
{}
✷DΦ
D
+ 2
3
λc
(
Φ
D
V ′
D
(Φ
D
)− 2V
D
(Φ
D
)
)
= κ
3c2
TD . (32)
Now using the well known properties of the scalar-tensor
theories of gravity [21] we see that under standard week
requirements on the cosmological potential our model
will be consistent with the gravitational experiments in
solar system, as far as that without cosmological term
(27) it is equivalent to original Brans-Dicke theory with
ω = 0 and contradicts to these experiments. We see, too
that the physical dilaton may be considered precisely as
a scalar field one needs for inflation scenario, (see [20]
and the references therein).
All consistent with the observations theories of gravity
are not conformal invariant. The present model of grav-
ity with propagating torsion gives in addition a new basis
for introducing scalar-tensor theories of gravity using a
fine tuned violation the TPD symmetry. For example, a
Brans-Dice kinetic term with ω 6= 0 for the torsion dila-
ton may be incorporated in our consideration, too but it
would violate more strongly the TPD symmetry because
the transformation law (13) and the identity ∇
D
αΘ ≡ 0
do not allow a TPD invariant kinetic terms for the field
Θ, different from the one we have already in the action
(26). Our approach shows that the very Brans-Dicke
model may be considered as a model with TPD symme-
try, violated into two steeps: first one is the soft violation
we use in present article, it depends only on the values
of the field Θ, and the second one – the introduction of
the Brans-Dicke kinetic term with ω 6= 0 which depends
on the gradients of this field. Hence, the values ω 6= 0
for Brans-Dicke parameter may be accepted only under
pressure of some new experimental facts.
V. CARTAN SCALAR CURVATURE AND
COSMOLOGICAL CONSTANT
The last result we wish to report in this article may
turn to be quite interesting in the light of the recent
development of the cosmological constant problem [22],
as far as for determination of the cosmological potential
for dilaton field. If D 6= const the TPD invariance of all
lagrangian densities Λ
D
and the field equations after some
algebra give the important relation (see Appendix B):
R + 4λc
(
1
4
V ′(Θ) + V (Θ)
)
FG(Θ) = 0. (33)
This pure geometrical relation is complete independent
of the matter and its motion in contrast to the corre-
sponding one in GR:
{}
R +4λc =
κ
c2
T because the trace
of the energy-momentum tensor, being related with the
physical dilaton according to dynamical equations of our
model, enters in the Cartan scalar curvature. Thus for
first time we are able to recover the physical meaning
of the Cartan scalar curvature of the space-time relating
it with the cosmological constant and with cosmological
term (27) in the total action.
The TPD (7) with σ¯ = 1
2
ln (FG(Θ) | 14V ′(Θ) + V (Θ)|)
brings us to a simplest form of the relation (33): R¯ =
∓4λc = const in presence of matter of any kind, ± ≡
sign
(
1
4
V ′(Θ) + V (Θ)
)
. We see that in this ”cosmologi-
cal constant” representation of our model of gravity with
propagating torsion the Cartan scalar curvature, being
constant, has no singularities, independently of the pres-
ence of matter and its motion. As far as the test particle
trajectories in our model are A-lines (1), such property
may confirm the conclusions of the early articles [23],
but a more detailed analysis of the behavior of the whole
Cartan curvature tensor and of the corresponding tidal
forces is needed to clarify the problem with space-time
singularities.
It is interesting to discuss the form of the relation
between Cartan scalar curvature and cosmological con-
stant in different frames (see Appendix A). In the Ein-
stein frame the relation (33) takes the form R
E
+
4λc(
1
4
V ′
E
(D) + V
E
(D)) = 0 and may be derived directly
from field equations (30). In Dicke frame we have the
same relation in a form RD + 2λcV
′
D
(ΦD ) = 0. It may
be obtained directly by variation of the action (31) with
respect to the Brans-Dicke field ΦD . Now we see that the
Cartan scalar curvature R would be zero in any frame if
λc = 0. When λc 6= 0 is arbitrary, Cartan scalar cur-
vature R may be zero only in some specific frame if the
cosmological potential has corresponding specific form: i)
V0(Θ) = e
−4Θ – in basic frame; ii) V0E (D)) = e
−4D – in
Einstein frame; iii) V0D (ΦD ) = 1 – in Dicke frame. When
λc 6= 0 we will have more general relations: i) R = −4λc
in basic frame if V (Θ) = 1 + v e−4Θ
∫
dΘe4ΘF−1G (Θ); ii)
R
E
= −4λc if VE (D)) = 1 + v e−4D – in Einstein frame;
iii)R
D
= −4λc if VD (ΦD ) = 2ΦD + const. In all these
cases we have a variant of the present model of gravity
with torsion in which no arbitrary functions present and
the only parameter to be determined from the experi-
mental data is the cosmological constant λc, and maybe
some additional constant v in the cosmological potential.
Some of these cosmological potentials have been investi-
gated with respect of the inflation scenario [20]. These
examples show that our geometrical approach may offer
new reasons for fixing this potential which is the main
open physical problem.
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The properties discussed in this section as far as the
very existence of the physical dilaton D are direct con-
sequences of the soft violation of TPD symmetry in our
model.
VI. CONCLUDING REMARKS
We have to mention the following additional features
and problems of the present model of gravity with prop-
agating torsion:
1) Due to the TPD invariance of the matter action in
this model we have a modified equivalence principle, as
far as at each point x0 of the space-time exist a prefer-
able local frame in which gαβ(x0) = ηαβ , Γ
D
αβ
γ(x0) = 0
[24] and dynamical equations for matter, being all of au-
toparallel type, will simultaneously take their special rel-
ativistic form up to terms of higher order as in GR. This
may be reached in Dicke frame by proper choice of the
coordinates as in GR. If we wish to have such gener-
alized equivalence principle, we must preserve the TPD
invariance of the matter action AM violating the TPD
symmetry.
2) The further development of the present model may
be based on its obvious similarity to string models (see
equation (29)). If it will be possible to relate our dilaton
fields Θ and D with string dilaton, we may justify the
form of the action in our model. For example the term
A
E
αβγA
αβγ
E
in action (29) may be related with the string
axion (see [25] and the references therein).
On the other hand our approach gives a new possibility
to relate the string dilaton with space-time torsion, not
with nonmetricity, as one usually does in string theory
[10]. As we sow, our consideration gives definite pre-
dictions for dilaton interactions with usual matter. At
present this is an open problem in string theory. Most
probably our A-type equations of motion for matter in
presence of torsion dilaton give the framework for the
results of a supersymmetry soft violation in superstring
theories, expected to produce the mass spectrum of the
real matter in them.
3) A detailed analysis of the experimental conse-
quences of the present model is needed, as far as of the
possibility to incorporate in it a torsion of more general
form then the special basic one, or to use more compli-
cated violation schemes of the new TPD symmetry. More
deep understanding of geometrical and physical meaning
of this symmetry and of the TPD transformations is de-
sirable, too.
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VII. APPENDIX
A. Weyl’s Changes of the Frame
As usual (see [11], [12], [19] and the references therein),
in the present article we use the Weyl’s conformal trans-
formations (7) without change of the torsion Sαβ
γ and
nonmetricity Nαβ
γ as transformations which change the
frame. This way we introduce another type of curva-
ture producing dilatations (CPD). They look more fa-
miliar and belong to a group of local gauge changes
G∞σ CPD with transformation rule Γαβ
γ
σ
−→ Γ′αβγ =
Γαβ
γ+σ,αδ
γ
β+σ,βδ
γ
α−gαβσ,γ which resembles the trans-
formation law of the Christoffel symbols. For them
we have Rαβµ
ν −→ R′αβµν 6= Rαβµν 6= invCPD (σ),
Sαβ
γ = S′αβ
γ = inv
CPD
(σ), Nαβ
γ = N ′αβ
γ = inv
CPD
(σ).
Then for the TPD invariant quantities Λ
D
(gαβ,Θ; ...)
the identity Λ
D
(gαβ,Θ; ...) ≡ Λ
D
(e2σgαβ,Θ + σ; ...)
gives the CPD-transformation rule Λ
D
(gαβ,Θ; ...) =
Λ
D
(e−2σg′αβ,Θ; ...) = Λ
D
(g′αβ,Θ+ σ; ...).
In general we consider three different frames:
i) the basic one with metric gαβ , torsion dilaton Θ,...
(no additional frame-indexes are used) where the initial
considerations has been performed.
ii) the Einstein frame (E-frame) where all quantities
carry the index ”E”. By definition ΛG(gαβ ,Θ; ...) :=
− c
2κ
√
|g|FG(Θ)R(gαβ ,Θ; ...) =: e2DΛ
D
G(gαβ ,Θ; ...) =
− c
2κ
√
|g
E
|
(
{}
RE + . . .
)
. Hence, the transition from basic
frame to E-frame corresponds to the value σ
E
= D − Θ
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and all TPD invariant quantities in E-frame reach the
form Λ
D
(gαβ ,Θ; ...) = Λ
D
(gEαβ, D; ...).
iii) the Dicke frame (D-frame) where all quantities
carry the index ”D”. The transition from basic frame
to D-frame corresponds to the value σ
D
= −Θ. Hence
in D-frame all TPD invariant quantities reach the form
Λ
D
(gαβ,Θ; ...) = Λ
D
(gDαβ , 0; ...). If the TPD invariant part
of the torsion equals zero, these quantities will have their
GR form even in the case D 6= 0 (otherwise these quanti-
ties have the same form as in Einstein-Cartan theory of
gravity [8]). This happens precisely in the case of mat-
ter action AM and matter equations of motion in our
model. In the case D ≡ 0 the D-frame coincides with the
E-frame.
B. Derivation of the Relation between Cartan Scalar
Curvature and Cosmological Constant
Here we work in the basic frame where the total La-
grange density is
Λtot = ΛG + Λc + ΛM = e
2DΛ
D
G + e
4DV (D)Λ
D
c + Λ
D
M .
From the field equations: δΛtot
δgµν
= 0 and δΛtot
δΘ
= 0 using
the identities: a) 2gµν
δΛ
D
δgµν
+ δΛ
D
δΘ ≡ 0 which describes in
infinitesimal form the TPD-invariance of the quantities
Λ
D
; and b) δD
δgµν
≡ 0 which describes the independence
of the torsion dilaton from metric, it is not hard to ob-
tain dD
dΘ
(
2ΛG + (4 +
V ′
V
)Λc
)
= 0. If D 6= const this
dynamical identity, fulfilled on the solutions of the field
equations, yields the relation R + λc(V
′ + 4V )FG = 0
which reflects the TPD-properties of the model under
consideration.
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